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ABSTRACT. We derive sharp estimates on modulus of continuity for solutions of the heat equa- 
tion on a compact Riemannian manifold with a Ricci curvature bound, in terms of initial oscil- 
lation and elapsed time. As an application, we give an easy proof of the optimal lower bound on 
the first eigenvalue of the Laplacian on such a manifold as a function of diameter. 



1. Introductory comments 



O 

<N 

In our previous papers lQ~||2] we proved sharp bounds on the modulus of continuity of so- 
lutions of various parabolic boundary value problems on domains in Euclidean space. In this 
paper, our aim is to extend these estimates to parabolic equations on manifolds. Precisely, 
let (M, g) be a compact Riemannian manifold with induced distance function d, diameter 
sup{d(x, y) : x, y G M} = D and lower Ricci curvature bound Ric(i?, v) > (n — l)Kg(v, v). 
Let a : T*M -)• Sym 2 (T*M) be a parallel equivariant map (so that a(S*uj)(S* fi, S*v) = 
a(w)(/i, v) for any u, fi, v in T*M and S G 0(T x M), while V (a(u))(fi, v)) = whenever 
Vw = V/i = Vu = 0). Then we consider solutions to the parabolic equation 

(1) - = a«(Du)V t V jU . 

Our assumptions imply that the coefficients a y have the form 

^> ! (2) a{Du)(t,t) = *{\Du\)^^f- + 0(\Du\) - ^p^) 

for some smooth positive functions a and /3. Of particular interest are the cases of the heat 
equation (with a = /3 = 1) and the p-laplacian heat flows (with a = (p — l)\Du\ p ~ 2 and 
^ ' P = |-Du| p_2 ). Here we are principally concerned with the case of manifolds without boundary, 
but can also allow M to have a nontrivial convex boundary (in which case we impose Neumann 
boundary conditions D u u = 0). Our main aim is to provide the following estimates on the 
modulus of continuity of solutions in terms of the initial oscillation, elapsed time, k and D: 



Theorem 1 (Modulus of continuity estimate). Let (M, g) be a compact Riemannian manifold 
(possibly with smooth, uniformly locally convex boundary) with diameter D and Ricci curvature 
bound Ric > (n — X)Kgfor some constant set Let u : M x [0, T) -^-Mbe a smooth solution 
to equation (Q]), with Neumann boundary conditions if dM ^ 0. Suppose that 

• it(-,0) has a smooth modulus of continuity ipo : [0, D/2] —> M with <po(0) = and 

• (p : [0, D/2] X R + M satisfies 

(i) (p(z,0) = <fo(z) for each z G [0,D/2]; 

(ii) f > <*W - (n - l)T K /3(^'; 

(iii) (p' > Oon [0,D/2] x R + . 

Then <p(-,t) is a modulus of continuity for u(-, t)for each t G [0, T): 

\u(x,t) -u(y,t)\ < 2cp ( d[J - !l) 
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Here we use the notation 



(3) C«(r) 



and 



COS 


K 


> 




' -j= sin vTcr, 


< 1, 


K 


= 


and S«(r) = < 




COsh J — KT, 


K 


<0, 




-7== sinh yJ—KT 



K = 



T K (s) 



S K (s) 



0, 



At tan (v^ s ) 



-Ktanh 



k > 
k = 

K < 0. 



These estimates are sharp, holding exactly for certain symmetric solutions on particular 
warped product spaces. The modulus of continuity estimates also imply sharp gradient bounds 
which hold in the same situation. The central ingredient in our argument is a comparison result 
for the second derivatives of the distance function (Theorem [3]) which is a close relative of the 
well-known Laplacian comparison theorem. We remark that the assumption of smoothness can 
be weakened: For example in the case of the p-laplacian heat flow we do not expect solutions 
to be smooth near spatial critical points, but nevertheless solutions are smooth at other points 
and this is sufficient for our argument. 

As an immediate application of the modulus of continuity estimates, we provide a new proof 
of the optimal lower bound on the smallest positive eigenvalue of the Laplacian in terms of D 
and k: Precisely, if we define 



\i(M,g) = inf 



\Du\l dVol(g) 



M 



M 



JM 



u 2 dNo\(g) = 1, / udVol(g) = 



and 



Xi(D,K,n) = inf {Ai(Af,sO : dim(M) = n, diam(M) < D, Ric > (n - I) Kg} , 



then we characterise Xi(D, k) precisely as the first eigenvalue of a certain one-dimensional 
Sturm-Liouville problem: 

Theorem 2 (Lower bound on the first eigenvalue). Let \i be the first eigenvalue of the Sturm- 
Liouville problem 



(4) < 

Then \\ (D, k, n) = fx. 



-4rr O'C."- 1 )' + fi$ = 0on [-D/2, D/2], 



$'(±£>/2) = 0. 



Previous results in this direction include the results derived from gradient estimates due to 
Li (H and Li and Yau [9], with the sharp result for non-negative Ricci curvature first proved 
by Zhong and Yang lfl6ll . The complete result as stated above is implicit in the results of 
Kroger Q Theorem 2] and explicit in those of Bakry and Qian Theorem 14], which are 
also based on gradient estimate methods. Our contribution is the rather simple proof using 
the long-time behaviour of the heat equation (a method which was also central in our work on 
the fundamental gap conjecture [3], and which has also been employed successfully in lfT3l ) 
which seems considerably easier than the previously available arguments. In particular the 
complications arising in previous works from possible asymmetry of the first eigenfunction 
are avoided in our argument. A similar argument proving the sharp lower bound for Ai on a 
Bakry-Emery manifold may be found in |@]. 

The estimate in Theorem[2]is sharp (that is, we obtain an equality and not just an inequality), 
since for a given diameter D and Ricci curvature bound k, we can construct a sequence of 
manifolds satisfying these bounds on which the first eigenvalue approaches /xi (see the remarks 
after Corollary 1 in ||7)). We include a discussion of these examples in section [5J since the 
examples required for our purposes are a simpler subset of those constructed in 0. We also 
include in section [6] a discussion of the implications for a conjectured inequality of Li. 



£[B,go] = inf < 



\T X M> 
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2. A COMPARISON THEOREM FOR THE SECOND DERIVATIVES OF DISTANCE 

Theorem 3. Let (M, g) be a complete connected Riemannian manifold with a lower Ricci 
curvature bound Ric > (n — l)ng, and let ip be a smooth function with ip' > 0. Then on 
(M x M) \{(x, x) : x G M} the function v(x, y) = 2(p(d(x, y)/2) is a viscosity supersolution 
of 

£[V 2 v,Vv] = 2 [a W - (n - l)T K /%>'] \ d/2 , 

where 

AeSym 2 (Tl y (MxM))} 
A>0 
v ' A\ T * M = a(u)\ 

A\ T * M = a{ui\ TyM ) 
for any B G Sym 2 (T^M x M) and uj G Tf JM x M). 

Proof. By approximation it suffices to consider the case where ip' is strictly positive. Let x 
and y be fixed, with y ^ x and d = y), and let 7 : [— d/2, d/2] — > M be a minimizing 
geodesic from x to y (that is, with j(—d/2) = x and / y(d/2) = y) parametrized by arc length. 
Choose an orthonormal basis {Ei}\<i< n for T X M with E n = ^'{—d/2). Parallel transport 
along 7 to produce an orthonormal basis {Ei(s)}i<i<. n for T 7 ( S \M with E n (s) = 7'(s) for 
each s G [-d/2, d/2). Let {£*}i<j<„ be the dual basis for T* {s) M. 

To prove the theorem, consider any smooth function ip defined on a neighbourhood of (x, y) 
in M x M such that ip < v and tp(x,y) = v(x,y). We must prove that C[V 2 if), V^l L < 

2 [a((p')(p" — (n — l)(3(ip')tp'T K ] | ^ . , 2> By definition of £ it suffices to find a non-negative 
^ G Sym 2 (r* j2/ (M x M)) such that k| T;c M = a {Vip\t x m) and A| Ts , M = a (Vip\t v m), with 
tr(ADV) < 2 Kv?>" " (" " 1)/%VT K ] \ d/r 

Before choosing this we observe that Vip is determined by d and ip: We have ip < 2ip o d/2 
with equality at (x, y). In particular we have (since ip is nondecreasing) 

V>(7(*),7(t)) < 2p(d( 7 (s), 7 (t))/2) < 2p(L[ 7 | M ]/2) < 2^(1* - s|/2), 

for all s ^ t, with equality when i = d/2 and s = —d/2. This gives Vtp(E n , 0) = —ip'(d/2) 
and Vip(0, E n ) = ip'(d/2). To identify the remaining components of Vip, we define 7 f (r, s) = 
exp 7 ( s )(r(l/2 + s/d)Ei(s)) for 1 < % < n — 1. Then we have 

V^exp^)) <2^(L[ 7 f(r,.)]/2) 

with equality at r = 0. The right-hand side is a smooth function of r with derivative zero, from 
which it follows that V^(0, E{) = 0. Similarly we have Vip{E i: 0) = for i = 1, . . . , n - 1. 
Therefore we have 

V^ y) =p'(d(x,y)/2)(-E:,E:). 

In particular we have by © 

n-l 

o(V^| T .Af ) = a(<p')E n ®E n + /%') J2 E i® E h 



i=l 



and similarly for y. 

Now we choose A as follows: 



n-l 



(5) 4 = a{<p')(E n , -E n ) {E n , -E n ) + /%') ^(^, ^) ® (£;, £;)• 

i=i 

This is manifestly non-negative, and agrees with a on T X M and T y M as required. This choice 
gives 

n-l 

(6) tr^V 2 ^) = a(^)V 2 ip ((E n , -E n ), (E n , —E n )) +/3(<p') ^ V 2 ip ((E h Ej, . 
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For each i £ {1, . . . , n — 1} let 7« : (— e,e) x [— d/2,d/2] — > M be any smooth one- 
parameter family of curves with %{r, ±d/2) = ex.pr y (± d / 2 ){rEi(±d/2)) for i = 1, . . . , n — 1, 
and 7j(0, s) = 7(s). Then <i(exp x (r.Ei), exp y (rEi)) < L[ji(r, .)] and hence 

^(exp x (rEi),exp y (rEi)) < v(exp x (rEi),exp y (rEi)) 

( d(exp x (rEi),exp(rEi)) 

=M 2— 2 — 



< 2<^> 



^[7i(n-)l 



since 99 is nondecreasing. Since the functions on the left and the right are both smooth functions 
of r and equality holds for r = 0, it follows that 



(V) 



V^m, Ei), (E h E i ))<2^— 2 -( V 



i=i 



r=0 



Similarly, since d - 2r = L[>y\ { _ d/2+r4/2 _ r] ] > d(j(-d/2 + r),j(d/2 - r)) we have 



(8) 



V 2 ^(E n ,-E n ),(E n ,-E n )) < 2 



d 2 ( (d 



dr 2 1 



r=0 



2<p" 



Now we make a careful choice of the curves yi(r, .) motivated by the situation in the model 
space, in order to get a useful result on the right-hand side in the inequality ©: To begin with 
if K > then we assume that d < -?= (we will return to deal with this case later). We choose 

VA 



7i(r,s) = exp 



7(s) 



C*(d/2) 



where C re is given by ©. Now we proceed to compute the right-hand side of ©: Denoting s 
derivatives of 7, by 7' and r derivatives by 7, we find 



d_ / L[ 7 ,(r,.)] \ = d_ 
dr \ 2 I dr 



d/2 > 

||7'(r, s)|| ds 

-d/2 , 

d/2 (tVWV) 

-d/2 II Y I 



ds. 



In particular this gives zero when r = 0. Differentiating again we obtain (using ||7'(0, s)|| = 1 
and the expression 7(0, s) = C C ^^) ^) 



<ir 2 



r=0 



d/2 
-d/2 



|V r Y|| 2 " <7, V r7 ') 2 + (V, V r V r y> ds. 



Now we observe that V r 7 ; = V s 7 = V s ( c K (d%) Ei ) = rrtM\ E i' wnile 



V r V r7 ' = V r V s7 = V s V r7 - R(rf, 7 ')7 



C K (d/2)- 

C K (s) 2 



C K (d/2) 2 

since by the definition of ji(r, s) we have V r j = 0. This gives 

r-d/2 
-d/2 



R{Ei, E n )Ei, 



d 2 ( LMr,.)} 
dr 2 \ 2 



r=0 



I rd/2 

——2 / {C K '(s) 2 -C K (s) 2 R(E h E n ,E u E n )} ds. 
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Summing over i from 1 to n — 1 gives 

I r d / 2 



^#_fLb,(r..)} 



r=0 



C K (d/2) 2 J_ 



n-l 



d/2 
d/2 



(n - l)C K '(s) 2 - C K (s) 2 ^2 R( E u E n ,E t ,E n ) \ ds 



jj-^ j ^{(n-l)C K '(s) 2 -C K (s) 2 mc(E n ,E n )} ds 



< 



C K (d/2) 2 J_ 
n — 1 

CjdJW l-d,2 



d/2 
d/2 



{C K '(s) 2 -kC k (s) 2 } ds. 



In the case k = the integral is zero; in the case k < 0, or the case k > with d < 4=,we 
have 

1 rd/2 i /-d/2 



C„("i/2) 2 
C K (d/2)2 



d/2 
d/2 

-d/2 



(C K S K )' ds 



2KC K (d/2)S K {d/2) 
C K (d/2) 2 
-2T K (d/2). 



Finally, we have 



/ d ( L[ji(r,.)] 



r=0 



^ dr 



r=0 



and so 

n - 1 d 2 



i=i 



dr 2 \ 2 

Id/2 - 



r=0 



„ ( d_( L[ji(r,-)] 
dr 



n— 1 

= E i - 

r=0 i=l 

< -2(n - 1) (p'T 

Now using the inequalities (O and ([8]), we have from © that 

(9) £[Vfy, V^] < trace (AVV) < 2 [a(<f/)(f/' - (n - 1)/%V T k 

as required. 

In the case d = ^7= then we choose instead 7j(r, s) = exp^-j ( 1 'c K !('d/i\ \ ^ or ^bitrary 



r=0 



Id/2' 



< k. Then the computation above gives 



n-l 



V 2 i/>((Ei,Ei), (Ei,Ei)) < -2(n - l)<ftT H . 

i=l 

Since the right hand side approaches —00 as k' increases to k, we have a contradiction to the 
assumption that ij) is smooth. Hence no such tp exists and there is nothing to prove. □ 

3. Estimate on the modulus of continuity for solutions of heat equations 

In this section we prove Theorem [T] which extends the oscillation estimate from domains 
in M. n to compact Riemannian manifolds. The estimate is analogous to [2, Theorem 4.1], the 
modulus of continuity estimate for the Neumann problem on a convex Euclidean domain. 

Proof of Theorem^ Recall that (M, g) is a compact Riemannian manifold, possibly with bound- 
ary (in which case we assume that the boundary is locally convex). Define an evolving quantity, 
Z, on the product manifold M x M x [0, 00): 

Z{x, y, t) := u(y, t) - u(x, t) - 2ip(d(x, y)/2, t) - e(l + t) 

for small e > 0. 
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We have assumed that ip is a modulus of continuity for u at t = 0, and so Z(-, 0) < — e < 0. 
Note also that Z is smooth on M x M x [0, oo), and Z(x,x,t) = — e(l + i) < for each 
x E M and t E [0, T). It follows that if Z ever becomes positive, there exists a first time to > 
and points xo 7^ yo in such that Z(xo, yo, to) = 0. There are two possibilities: Either both 
xq and yo are in the interior of M, or at least one of them (say xo) lies in the boundary dM. 

We deal with the first case first: Clearly Z(x, y, t) < for all x, y E M and i E [0, to]. In 

particular if we let v(x, y) = 2<p \ w' ,to) and tfj(x, y) = u(y, t) — u(x, t) — e(l + to) then 



2 

< v(x,y) 

for all x, y E M, while ip{xo,yo) = w( x o> yo)- Since ?/> is smooth, by Theorem|3]we have 

£[VV,VV] < 2 [afaV - (n-l)T K /%V] | «.„,»„) • 

2 

Now we observe that since the mixed partial derivatives of V 2 ip all vanish, we have for any 
admissible A in the definition of C that 



tr(^VV) = (a(Z^V.V^) ^ - (a^V^u) | ( ^ q) , 

and therefore 

£[W,V0 = (o^ViV^) | (2/0)to) - (a^V^u) | (xoA)) . 
It follows that 

(10) a(^)^V 4 V J n| (j/0ito) -a(^)^V 4 V J n| (xoito) < 2[a(^)^-(n-l)T^(^)^L (a;0j2/o)/2 - 

We also know that the time derivative of Z is non-negative at (xo, yo, to), since Z(xo, yo, t) < 
for f < to : 

(11) — L . , = a(Du) ij ViV^uL . v - ofDu^ViVittL , v - 2-^ - e > 0. 
Combining the inequalities (flOl and (TTTb we obtain 

^<a( ¥ /y / -(n-l)T« / 9( ¥ /y 



where all terms are evaluated at the point d(xo,yo)/2. This contradicts the assumption |(ii)| in 
Theorem Q] 

Now we consider the second case, where xo E dM. Under this assumption that dM is 
convex there exists [6] a length-minimizing geodesic 7 : [0, d] — > M from xq to yo, such 
that 7(5) is in the interior of M for < s < d and 7'(0) • u (xo) > 0, where v{xq) is the 
inward-pointing unit normal to dM at xo- We compute 

^j-Z{exp xo (sv(xo)),yo,to) = -V u{xo) u-ip'(d/2)Vd(v(xo),0) = i{J(d/2)^{Q)-v(xo) > 0. 

In particular Z(exp XQ (su (xo)), yo, to) > for all small positive s, contradicting the fact that 
Z(x, y, t ) < for all x, y E M. 

Therefore Z remains negative for all (x,y) E M and t E [0, T). Letting e approach zero 
proves the theorem. □ 

4. The eigenvalue lower bound 

Now we provide the proof of the sharp lower bound on the first eigenvalue (Theorem |2]), 
which follows very easily from the modulus of continuity estimate from Theorem [T] 

Proposition 4. For M and u as in Theorem 1 applied to the heat equation (a = (3 = 1 in © ), 
we have the oscillation estimate 

\u(y,t) -u(x,t)\ < Ce"^, 
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where C depends on the modulus of continuity ofu(-,0), and p is the smallest positive eigen- 
value of the Sturm-Liouville equation 

<*>" - (n - 1)T K & + p$ = — (^'C^- 1 )' + p$ = on [-D/2, D/2], 

(12) 

&(±D/2) = 0. 

Proof. The eigenfunction-eigenvalue pair ($, p) is defined as follows: For any a G R we define 
$o-(x) to be the solution of the initial value problem 

< - (n - 1)TX + cr^ = 0; 

*«t(0) = 0; 

C(0) = i. 

Then /i = supja : x G [— -D/2, -D/2] ==> > 0}. In particular, for cr < /i the function 

3> CT is strictly increasing on [—D/2, D/2], and & a {x) is decreasing in <r and converges smoothly 
to <&(x) = ^(x) as cr approaches p for x G (0, -D/2] and < cr < p. 

Now we apply Theorem[T] Since $ is smooth, has positive derivative at x = and is positive 
for x G (0, .D/2], there exists C > such that C<1? is a modulus of continuity for u{., 0). Then 
for each a G (0, p), (po = C§ a is also a modulus of continuity for u(., 0), with </?o(0) = and 
(p' > 0. Defining <p(x, t) = C<I ) cr (x)e _CT *, all the conditions of Theorem Q] are satisfied, and we 
deduce that <p(.,t) is a modulus of continuity for u(.,t) for each t > 0. Letting cr approach /x, 
we deduce that C<I>e~ M ' is also a modulus of continuity. That is, for all x, y and t > 

|u(y,t) < Ce-^*$ ^^^1^ < Csup^e - "*. 

□ 

Proof of Theorem |2j Observe that if (</>, A) is the first eigenfunction-eigenvalue pair, then 
u(x, t) = e~ xt ip(x) satisfies the heat equation on M for all t > 0. From Proposition |U we 
have \u(y,t) — u(x,t)\ < Ce~ M * and so \<p(y) — <p{x)\ < Ce~v M -*) t for all x,y G M and 
t > 0. Since </? is non-constant, letting t — >• oo implies that /z — A < 0. □ 



5. Sharpness of the estimates 

In the previous section we proved that Ai(-D, k, n) > p. To complete the proof of Theorem 
|2] we must prove that Xi(D,K,n) < p. To do this we construct examples of Riemannian 
manifolds with given diameter bounds and Ricci curvature lower bounds such that the first 
eigenvalue is as close as desired to p. The construction is similar to that given in Q and O, but 
we include it here because the construction also produces examples proving that the modulus 
of continuity estimates of Theorem [T] are sharp. 

Fix k and D, and let M = S"" 1 x [-D/2, D/2] with the metric 

g = ds 2 + aC K 2 (s)g 

where g is the standard metric on S" 1-1 , and a > 0. The Ricci curvatures of this metric are 
given by 

Ric(<9 s ,<9 s ) = {n - 1)«; 
Ric(d s ,v) = forcer^ 1 ; 

Ric(v,«) = f(n-l)K+(n-2)^^J \v\ 2 for u G TS n ~ l . 

In particular the lower Ricci curvature bound Ric > (n — 1)k is satisfied for any a if k < and 
for a < 1/k if k > 0. 

To demonstrate the sharpness of the modulus of continuity estimate in Theorem [T] we con- 
struct solutions of equation |I)onM which satisfy the conditions of the Theorem, and satisfy 
the conclusion with equality for positive times: Let y?o : [0, -D/2] be as given in the Theorem, 
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and extend by odd reflection to [—D/2,D/2] and define ip to be the solution of the initial- 
boundary value problem 

^ = a(^V' + (n-i)Tj%V; 

<p(x,0) = tpo(x); 
<p'(±D/2,t) = 0. 

Now define u(z,s,t) = cp(s,t) for s G [-D/2,D/2], z G S 11 ' 1 , and t > 0. Then a direct 
calculation shows that u is a solution of equation (Q]) on M. If tpo is concave on [0,D/2], then 

we have \(po(a) — <po(b)\ < 2(po for all a and b in [—D/2,D/2]. For our choice of <p this 

also remains true for positive times. Note also that for any w, z G 5™ _1 and a, b G [—D/2,D/2] 
we have a), (2, 6)) > |6 — a|. Therefore we have 

a, t) - u(js, 6, t)\ = \(p(a, t) - cp(b, t)\ < 2ip ( ~^ ,t) < 2ip f d ^ w ' a ^ ^ z,b ^\ t 



so that <p(-,t) is a modulus of continuity for u(.,t) as claimed. Furthermore, this holds with 
equality whenever w = z and b = —a, so there is no smaller modulus of continuity and the 
estimate is sharp. 

Now we proceed to the sharpness of the eigenvalue estimate. On the manifold constructed 
above we have an explicit eigenfunction of the Laplacian, given by tp{z, s) = $(s) where $ is 
the first eigenfunction of the one-dimensional Sturm-Liouville problem given in Proposition |4] 
That is, we have \\(M,g) < fi. In this example we have the required Ricci curvature lower 
bound, and the diameter approaches D as a — > 0. Since fj, depends continuously on D, the 
result follows. 

A slightly more involved construction shows that examples of compact manifolds without 
boundary can also be constructed showing that the eigenvalue bound is sharp even in the smaller 
class of manifolds without boundary. This is achieved by smoothing attaching a small spherical 
region at the ends of the above examples (see the similar construction in [4, Section 2]). 

6. Implications for the 'Li conjecture' 

In this section we mention some implications of the sharp eigenvalue estimate and a con- 
jecture attributed to Peter Li: The result of Lichnerowicz ifTOl is that Ai > nn whenever 
Ric > (n — l)ngij (so that, by the Bonnet-Myers estimate, D < -^=). The Zhong-Yang 

2 

estimate [16 ] gives Xi > jp f° r Ric > 0. Both of these are sharp, and the latter estimate 
should also be sharp as D — > for any lower Ricci curvature bound. Interpolating linearly (in 
k) between these estimates we obtain Li's conjecture 

Ai > -jyz + (n - 1)K. 

2 

By construction this holds precisely at the endpoints k — > and k — > jp. 

Several previous attempts to prove such inequalities have been made, particularly towards 

2 

proving inequalities of the form Ai > + an for some constant a, which are linear in k and 
have the correct limit as k — > 0. These include works of DaGang Yang [15], Jun Ling iTTTIl 
and Ling and Lu lfT2"TL the latter showing that a = -Mj holds. These are all superseded by the 

result of Shi and Zhang lf!4l which proves Ai > sup sg ( 0j i) |4s(l — s)jp + (n — 1)sk|, so in 

particular Ai > ^ + ^p-n by taking s = |. 

We remark here that the inequality with a = is the best possible of this kind, and in 
particular the Li conjecture is false. This can be seen by computing an asymptotic expansion 
for the sharp lower bound n given by Theorem |2j For fixed D = it we perturb about k = (as 
in [|4j Section 4]), obtaining 

^ = i+ (n-l) K + 0(K2) ^ 
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By scaling this amounts to the estimate 

it 2 (n — 1) o\ 
ti= D* + ~2 K + ° { } ' 
Since the lower bound Ai > \i is sharp, this shows that the inequality Ax > jyj + an is false for 
any a > ( - n ~ 1 \ and in particular for a = n — 1. 
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